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Stabilization of coupled second order systems with 

delay 

E. M. Ait Benhassi K. Ammari * S. Boulite '''and L. Maniar * 



O ■ Abstract 

o. 

In this paper we characterize the output feedback stabilization of some coupled systems 
with delay. The proof of the main result uses the method introduced in Ammari and Tucsnak 
j¥j where the exponential stability for the closed loop system is reduced to an observability 
estimate for the corresponding conservative adjoint system, under a boundedness condition 
of the transfer function of the associated open loop system. 
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" 1 Introduction 

\o : 

In this paper, our purpose is to characterize the output feedback stabilization of coupled second 
fT) ■ order infinite dimensional systems by only one feedback. Using an output feedback, the closed 
. loop system we treat is the following 

w 1 (t) + A 1 w 1 (t) + BB*w 1 (t) + Cw 2 (t) = 0, t>0, (1.1) 

w 2 (t)+A 2 w 2 (t)-C*w 1 (t) = 0, t>0, (1.2) 

*X : Wi(0) = wl w t (0) = wj, i = 1, 2. (1.3) 

H 

^ Here, the operators Ai , A 2 are unbounded positive self adjoint operators in Hilbert spaces Hi , H 2 , 

respectively. The control operator B, acting only on the first equation, is assumed here to be 

I 

unbounded from U, another Hilbert space, to D(A£)*. The coupling operator C is not neces- 
sarily bounded. In (2j [3], the authors have considered coupled systems in the case of bounded 
(even compact) coupling operators C. In this case the exponential stability does not hold, since 
the equation (II. 3p is conservative when C = 0. In stead, they studied the polynomial stability. 
Recently, Ammari and Nicaise [6j have characterized the exponential energy decay of these sys- 
tems by an observability inequality of associated conservative adjoint systems, augmented with 
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the output y(t) = —B*wi(t), in the case of bounded coupling operators C. In [IT], the author 
studied also these coupled systems in the case of unbounded coupling operators, consedering 
bounded operators B. In this paper, we assume that both operators B and C are unbounded, 
and show the same result as in [6] using different arguments. Here, we transform the system 
(|l.ip - (jl.3p to a second order equation 

w(t) + Aw(t) + B Bow(t) = 0, t>0, (1.4) 

w(0) = w°, w(0) = w 1 (1.5) 

in the product space H := H\xH 2 , with appropriate operators A and £>o defined in (|3.33p . Then, 
we use the result of Ammari-Tucsnak [4, Theorem 2.2] to characterize the exponential enregy 
decay of the equation (jl.4p - (jl.5p . and then deduce the one of the coupled systems (jl.ip - (|1.3p . 

The second aim of this paper is to characterize the exponential energy decay of the following 
coupled systems with delay 

wi{t)+A 1 wi(t) + aiBB*wi(t) + a 2 BB*w 1 (t-T) + Cw 2 (t) = 0, t > 0, (1.6) 

w 2 (t) + A 2 w 2 {t) -C* Wl {t) = 0, t>0, (1.7) 

Wi {0) = u>i(0) = wl, i = 1,2, wi(s) = f (s), s G (-r,0). (1.8) 

The operators Ai,i = 1,2, B,C satisfy the same conditions as above, and a±,a 2 are positive 
constants. The introduction of a delay term in partial differential equations and its effect on the 
stabilization of these equations were the subjet of several papers, see for instance, [Tj \7\ I5j H?| [TU| 
[Tl~ l 1141 [15] . and the references therein. By the same technic as for the first coupled systems, we 
tranform the system (|1.6p - (jl.8p to a second order equation with delay 



w(t) + Aw(t) + atBoB^wit) + a 2 B Bow(t - r) = 0, t > 0, 

w(0) = w°, w(0) = w\ Wl (s) = f (s), s e (-r,0). 

At this level, our results in p] will allow us to conclude. 

We then apply our abstract results to two systems of coupled string equations with delay. The 
first example is a coupled two string equations with ponctuel control and Dirichlet boundary 
conditions 

d 2 w\ dw 2 
~ ~~fa?~( t,x> ) + "i™ 1 + a 2 w i( t ~ t,€)6£ + /3-Q—(t,x) = 0, (t,x) G (0,oo) x (0, 1), 

d 2 w dw 
w 2 (t, x) - -rr^-it, x) + /9-=^(t, x) = 0, (t, x) e (0, oo) x (0, 1), 
ox z ox 

Wi (t, 0) = Wi (t, 1) = 0, t € (0, oo), i = 1, 2, 

Wi(0, x) = w®(x), Wi(0, x) = wj(x), wi(s, x) = fo{s, x), —t < s < 0, x G (0, 1), i = 1, 2, 

with £ G (0, 1), /3 > and < «2 < Qti. We show that this system is not exponentially stable 
for all £ G (0, 1) and f3 > 0, showing that the observability inequality of its conservative adjoint 
system can not hold. To give a positive application of our abstract results, we consider a coupled 
two wave equations with ponctuel control and mixed boundary conditions 

d 2 w\ dw 2 
wx(t, x) — Q^ritix) + wi(t, x) + a\wi(t, £)<!>£ + a 2 w\(t - r,£)^ + /3-^—(t,x) = 0, t > 0, x G (0, 1), 
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d 2 w dw 
w> 2 (i 5 x) - -Q^rit, x) + w 2 (t, x) + P-Q±(t, x) = 0,t>0,xe (0, 1), 

-g^(t, 0) = -^±(t, 1) = 0, w 2 (i 5 0) = twa(t, 1) = 0, t > 0, 

u>;(0, x) = Wi(x), Wi(0, x) = wj(x), wi(s, x) = fo(s, x), — t < s < 0, x G (0, 1), i = l,2 

with £ € (0, 1), j3 is a positive constant and < a 2 < ol\. Using the classical inequality by 
Ingham |13| for non-harmonic Fourier series, we show that the observability inequality of the 
conservative adjoint system holds if and only if £ is a rational number with coprime factorisation 
£ = where p is odd. Thus, this is a necessary and sufficient condition for the exponential 
energy decay of the above system. 

2 Problem formulation 

Let Hi be a Hubert space equipped with the norm 1 1 • 1 i = 1, 2 and let 

Ai : Hi ^> V(Ai) —> Hi,i = 1,2, be positive self adjoint operators. (2-9) 

We introduce the scale of Hilbert spaces Hi tCe as Hi >a = T>(A C *) with the norm ||^||» a = \\Af z\\ui 
and their dual spaces Hi_ a = H? a , i = 1,2. The second ingredient needed for our construction 
is a control operator B such that 

B : U — > H, _i is bounded, (2.10) 

> 2 

where U is another Hilbert space identified with its dual. The operator B* is then bounded 
from H-. i to U. We need also a unbounded linear operator C : H 2 2 £>(C) — > Hi satisfying 

> 2 

the following assumptions 

H h i ^ V(C*) and H 2 i £>(C). (2.11) 

_ i _ j_ 

Remark 2.1. 5y assumptions (|2.11|) . one can see that the operators CA 2 2 and C*A 1 2 can be 

extended to bounded operators from H 2 to H\. 

The first coupled systems that we consider are described by 

wi(t) +A 1 w 1 (t) + BB*u>! (t) + Cw 2 (t) = 0, *>0, (2.12) 

iv 2 {t) + A 2 w 2 {t) - C*«?i(t) = 0, t > 0, (2.13) 
Wi(Q) = wl Wi(0) = w}, i = 1,2, (2.14) 
where the initial data (w®, w\, w 2 , w 2 ) belongs to a suitable space. 

The equation (12. 12ft is understood as equation in H-, _i , i.e., all the terms are in H, _i. The 

> 2 ' 2 

term BB*w\{t) represents a feedback damping. Transforming system (|2.12p - (|2.14p on a second 
order system and using the method in |4], we characterize the stabilization of this system. 
Namely, assuming that there exists 5 G [0, i) such that for all (x,y) G il^x x if 2 ,i 

<x,Cy>\<5[ \\Afxf + ||y|| 2 + ||C*x|| 2 ) , (2.15) 
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under the boundedness of corresponding transfer function, system (|2.12p - (|2.14p is exponentially 
stable if and only if there exists a constant c > such that 

c£ \\(B*cj>)%dt > ||40(O)|| 2 + ||4V'(O)|| 2 + || \\ 2 HlxH2 (2.16) 

for all solution (</>, of the following conservative adjoint system 

4> + A x <t> + Cijj = 
^ + A 2 ^-C*<j) = 0. 

Our second interest is to characterize the stabilization of the following coupled systems with 
delay 

w 1 (t)+A 1 w 1 (t) + a 1 BB*w 1 (t) + a 2 BB*w 1 (t-T) + Cw 2 (t) = 0, t > 0, (2.17) 

w 2 (t) + A 2 w 2 {t)-C*wi{t) = 0, t>0, (2.18) 

Wi(0) = wl Wi(0) = wl i = 1,2, wi(s) = f (s), s e (-r,0), (2.19) 

where r > is the time delay, a\ and a 2 are positive real numbers, and the initial data 
(wi, w\, w®, w\, fo) belongs to a suitable space. Assuming that a 2 < ol\, under the same as- 
sumption (|2.15p we prove that (|2.17p - (|2.19p is exponentially stable if and only if the observability 
inequality ()2.16p is satisfied, which is then equivalent to the exponential stability of (|2.12p - (|2.14p . 

3 Coupled second order systems without delay 

Consider the following coupled systems 

wi(t) +A 1 w 1 (t) + BB*u>! (t) + Cw 2 (t) = 0, t>0, (3.20) 

iv 2 (t) + A 2 w 2 {t) -C*wi(t) = 0, t > 0, (3.21) 

Wi (Q) = w °, wi(0) = wj, i = 1, 2. (3.22) 

After studying the well-posedness of the coupled systems ()3.20p - (j3.22p . we give a characterization 
of its exponential stability. 

3.1 Well-posedness 

Some change of variables, leads to the following result 

Theorem 3.1. If (wi,w 2 ) is a solution of (|3.20p - (|3.22p . then (u,v) defined by 

_i _i 
u = w\, v = A 2 2 w 2 — A 2 2 C*wi 

is a solution of the system 

u(t) + (Ai + CC*)u{t) + BB*u{t) + CA\v{t) = 0, t>0, (3.23) 
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v(t) + A 2 v{t)+A 2 2 C*u(t) = 0, t>0. 
u(0) = u°,u(0) = u l ,v(0) = v°,v(0) = v 1 



_i _i 

with u° = w^u 1 = w I , v° = A 2 2 w 2 - A 2 2 C*w l (,v 1 



-A\wl 



Conversely, if (u,v) is a solution of f|3.23p - f)3.25|) . then (wi,W2) defined by 



w\ = u, w 2 = —A$v 



is a solution of (|3T20]> - pT22|) . 



(3.24) 
(3.25) 



Proof. Let (w\,W2) be a solution of (13.20p - (13.22j) . Settings = w\ and v = A 2 2 w 2 — A 2 2 C*wi, 
we have 

u{t)=wi{t), v(t) = A 2 ^w 2 (t) - A~*C*w x (t), t>0, 

u(t) = wx(t), v(t) = A 2 ^w 2 (t)- A~^C*wi(t), t>0. 
Equation (l3^T|) yields 

u(t) = wi(t), v(t) = A 2 2 w 2 {t)-A 2 2 C*wi(t), ii(t) = wi(t), t>0,v(t) = -A 2 2 w 2 {t), t>0. 
Thus 

/u(t)\ /m(t)\ 

U) =p K«> ' (3 - 26) 

where 



-A 2 2 C* 



\ 

A^ 

10 

1 





V -A 2 / 

Together with (|3.2ip . derivation of the equation (|3.26p leads to the coupled systems (|3.23|) - f|3.24|) . 
The initial data (|3T25]l follows from (|3T2H]l . 

By Remark 12. 11 P is a bounded and invertible operator from 7i := H-, i x H~ i x Hi x H 2 to 

>2 '2 

H with inverse 

(I \ 

-A~ 2 



0/ 

i 







\C* Al / 
Using P~ l , the converse in Theorem 13.11 can be similarly proved. 



□ 



The equivalence of the well-posedness of the systems (|3.20p - (|3,2ip and (|3.23p - (|3.25p can be 
proved also by using their corresponding Cauchy problems. Roughly speaking, setting X : = 



\ ) , the system (|3.20p - (|3.2ip can be transformed in T~L to the following first order system 



X = AiX, X(0) 



4 

4. 



(3.27) 
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where 



Ai : V{A\) CH — >H, Ai ( ll) = ( - Ai ui-bb*u 2 -Cvi) , (3.28) 

\«2/ V -A 2 v 1 +Cu 2 J 

and 

V{Ai) :={(u 1 ,v l ,u 2 ,v 2 ) G H 1 i x # 2 ,i x H x> \ x il 2 i, + BB*u 2 G ifij. 

The system (|3.23j) - ()3.25j) can be written as 

Y = A 2 Y, F(0)=R), (3.29) 



where 



"2 

"2 

1 



■4 2 : X>(^) C W — > H, A 2 ( l\ = -Aiui-C(C««i+i4j«i)-BB*«a | , (3.30) 

U2 / \ 1 1 

and 

PU 2 ) :=((ui ) «i,n 2) U2) G #i ix^ixff, ixIL i, ^iUi+BS*^ G #i, C*ni+A|vi G Hn i). 

I. '2 '2 '2 '2 ' 2 J 

For every f «2 J G X>(v4i), we have 



P 



vi \ I —s*2 ~ ^'«i-r-"2 

U2 I — I «2 

«2/ \ i 

5 ! «1 



Ml 

1 _ 1 

-A^ A%Cui+A 2 71 V2 

1 



Since C*ui+A 2 2 (-A 2 2 Cui+A 2 2 v 2 ) = v 2 eH 2 i and Aim + BB*u 2 G Hi, we have PP(^li) C 

T>(A 2 ). Using (|3.26p . we can see that Ai = P~ l A 2 P. 

To study the well-posedness and exponential stability of both coupled systems, we write the 
system (|3.23[) - (|3.25|) . in the product space H := Hi x H 2 , as the following second order system 

W(t) + AW(t) + B BoW(t) = 0, t>0, (3.31) 

W(0) = W°, W(0) = W 1 , (3.32) 

where 

A:V(A)cH ^H,A{ U V )= ( Mu+c(c*u+aIv)\ B = ( B ) , (3.33) 

\ A%(C*u+A%v) J 

with V{A) = {(u,v) G Hi A x H 2 i, C*u + a\v g H 2 i}. 

To obtain the well-posedness result, we need the following lemma which will be also crucial 
for the rest of this paper. 
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Lemma 3.2. The following assertions hold. 

(i) The operator A is positive self adjoint. 

(ii) Bq : T>(Az) — > U is a bounded operator. 

(Hi) Bq : U — > T>(A2 )* := Hi is a bounded operator. 

2 

Proof, (i) Let (J) € #i,i x H 2>1 . We have 

< a ( % ) , ( % ) >= \\Afxf + (c*x + 4y ; c-*x> + + 4y, 4v)- 

Then 

< >= ||Ajs|| 2 + ||A|y + C*x|| 2 > 0. 

Thus, A is a symmetric positive operator. For every (/, g) G if, the solution (u,v) G of 
the system 

AI(C*u + a\v) = g 

is given by 

u = Al\f - CApg), v = A 2 x g - A^C*A7\f - CA^g). 

i _ i 

It is clear that (u,v) G H 1 i x H 2 i • Since C*ii + A 2 v = A 2 2 g G -ff 2 Ii we nave (^>^) £ ^(^)- 
Thus, the operator A is invertible. Consequently, ^4 is a positive self adjoint operator. 

(ii) Let {%) G D(A3). We have B* ( x y ) = B* x. Since B* is a bounded operator from H 1 i to 

i 

[/, there exists a constant c > such that ||-B*x||[/ < c||j4^ xll/^. Thus, 

\\B* ( x y )\\u <c[\\Afx\\ 2 + \\Aly + C*x\\ 2 ], 
and thus the operator Bq : T>(A~z) — > U is bounded. The assertion (hi) follows from (ii). □ 

As a consequence of the above lemma we have the following well-posedness result. 
Proposition 3.3. Assume that (12. 9p . (|2.10p and (12.111) hold. Then, the system 

W{t) + AW{t) + B Q BlW(t) = 0, t > 0, (3.34) 

W(0) = W°, W(0) = W 1 (3.35) 
is well-posed in the energy space V^A?) x H. 

Using Theorem 13.11 Proposition 13.31 and the regularity results in [3], we have the following 
well-posedness and regularity result of the coupled systems (|3.2Q|) - (|3.22[) . 

Proposition 3.4. Assume that (|2J5]) ; (HTTP]) and (12TT]) hold. Then, the system (l3T20D - (l3T22]) is 

well-posed, i.e., 

(i) for (wi , w 2 , w\ , w 2 ) G V(Ai), the problem (|3.20|) - ()3.22j) admits a unique solution Wi G 
C 1 ([0,T];H c _)nC 2 ([0,T];H i ),i = l,2, 

(ii) for {w\,w° 2 ,w\,w l 2 ) G U, Wi G C([0, T]; i ) n C\[0, T]; Hi), i = 1,2, and B*wi(-) G 
H^T-U). 

Remark 3.5. The well-posedness of (|3.20p - (|3.22p can be also obtained directly by proving that 
the operator Ai satisfies the conditions of Turner- Phillips theorem, see 
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3.2 Transfer function 

To characterize the stabilization of system (|3.20p - (|3.22p we need the following lemma. 
Lemma 3.6. Assume that f) 2 . 9 () . (|2.10p and fj2 .111) hold. Then, the following results hold. 

(i) The operator [A 2 + A\ + A 2 C(A 2 + A%)~ X C*} is invertible from H, i to H, _i . 

(ii) The function defined by 

G{X) = \B*[X 2 + A 1 + X 2 C(X 2 + A 2 y 1 C*r 1 B, A > 0, 
is the transfer function of both systems (|3,20p - (|3.21|) and (|3.34p - (|3.35|) . 

Proof. (i) Let y G _i. Consider in ff, i the equation 

1 > 2 1 '2 ' 

[A 2 + Ai + A 2 C(A 2 + A 2 ) _1 C*]a; = y. (3.36) 
For every ( G ff, i, we have 

A ' 2 

([A 2 + A t + A 2 C(A 2 + A 2 )~ 1 C*]x, C> = (y, C) 
which can be written as 

A 2 <x, C) + (aJx, AfC) + (A(A 2 + A 2 )-5C*x, A(A 2 + A 2 )-*C*c) = (y, Q =: A(x, C). 



Since A is a bilinear coercive form on H, i , the Lax-Milgram theorem leads to the existence 
and uniqueness of the solution x to the equation (|3.36|) . and thus the claim follows. 

(ii) We compute first the transfer function of ()3.34|) - (|3.35|) . Setting Z := ( j^), the open loop 
system associated to (|3.34p - (|3.35p can be transformed to the following controlled first order 
system in the energy space T>(A2) x H 

Z(t)=A%Z(t) + Bu(t), t>0, (3.37) 
Z(0) = ({£), (3.38) 

with^=f ^ I Xv{Al)=V{A)xV{Ah and 2?=^ 
Let (f) £ D(As) x We look for (J) € x D(A^) such that 

(A-41)(S) = (J). (3.39) 

We have 

Ay + Ax = 5 

x = A(A 2 + A)- 1 / + (A 2 + A)-^ 
y = (A 2 (A 2 + A)^ 1 - I)f + A(A 2 + A)~ 1 g, 
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and thus 

(X _ A Q)-1 _ ( A(A 2 +A) _1 (\ 2 +A)-i 

{A J\ 2 ) - ^ (A 2 (A 2 +A) -1_ 7) A(A 2 +j4) -l 

The transfer function G 2 (A) := B*(X - Al)~ x B of the system flgjTTP - ([338]) is then 

G 2 (A) = (fig 0) ( {x ^::% ) = A£ *(A 2 + A)" 1 *,. 
Easy computation leads to 



(A 2 + A)- x 



-rCyl|(A 2 + ^ 2 ) _1 



,-(A 2 + A 2 )- 1 A$C*T (A 2 + [/ + Af CTCAf (A 2 + A 2 y x \ 
where T := [A 2 + A x + A 2 C(A 2 + ^ 2 )~ 1 C*]~ 1 . Consequently 

G 2 (A) = A5*[A 2 + A x + A 2 C(A 2 + Aa) -1 ^] -1 ^ VA > 0. 



Let A\ : V(A1) CH ^n,A°i 



— - Cv 2 
\ -A 2 v x + C*u 2 J 



be the generator of the 



open loop system associated to (|3.20p - (|3.22p . Since A\ = P 1 A 2 P, we have 

(A - A?)" 1 = P' 1 (X - A 2 )~ l P, VA>0. 
Since BqP" 1 = Bq and PB$ = Bo, we have 

d(A) := B* (X - A?)" 1 ^ = B* (X - Al)- l B Q = G 2 (A). 



3.3 Stabilization 

In order to characterize the stabilization of the coupled systems without delay, we give some 
energy equivalences. 

Proposition 3.7. Assume that fl!T9j) . (j2~10j) , (jSTTj) and (|2TT5j) hold. Then, 



£{t) :=l(\\AH U v)\\ 2 + 11(1)111 



//ixf/ 2 



:= ~ (n4«ii 2 + uhw 2 + \\C*u\? + 11 a) \\ 2 HlxH2 



E(t) := X - (||4^lH 2 + Il4^2l! 2 + 1, x ,.;,,,,/, J ' 

/or ewer?/ solutions (wi,w 2 ) and (u,v) of ()3.20j) - f|3.22[) and (|3.23j) - (|3.25|) . respectively. 
From this follows immediately the following corollary. 



Corollary 3.8. Assume that fl2J| ; (I2TTU1) . (j2TTT|) and (12TT51) ZioZd. Then, The exponential 
stabilities of the three systems ()3.20[) - (j3.22j) . (j3.23j) - (|3.25[) . and f|3.34p - (|3.35[) are equivalent. 
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Using the characterization of stabilization of second order equation in [4] , we have the following 
result. 

Theorem 3.9. Assume that (f2U|) . OTTOl) . (pTTj) and (i2TT5j) hold and for a fixed 7 > 

\B*[\ 2 I + A l + \ 2 C{\ 2 + A 2 y l C*Y 1 B <oo. (3.40) 



sup 

ReA=7 



ajj) 



The system (|3.34p - ([3.35|) is exponentially stable in T>(Az) x H if and only if there exists a 
constant c > such that 

c[ \\(B-mUt > (£$) 11 2 + 11 (3.4D 

where ((f>i,ipi) is a solution of the following system 

fa + (Ai + CC*)^i + C4^i = (3.42) 

^ l + A 2 i) 1 +A\c* ( p l =0. (3.43) 
As a consequence of the above theorem, we have the following result. 

Theorem 3.10. Assume that ([SUjL (pHO]) . (j2TTT|) . (j!TT5j) , and (pTiOj) /toW. T/ien the following 
assertions are equivalent. 

(i) The system (|3.20p - (|3.22p is exponentially stable in 7~L. 

(ii) There exists a constant c > such that 

c f iicb»'ii 2 ^ > uimt + \\4m\? + \\c*m\\ 2 + n \? Bl * Hr (3.44) 

(Hi) There exists a constant c > suc/i £/tat 

c f \\(B^)%dt> ||4<A(0)l| 2 + ll4^(0)H 2 + ll (£) ll^xft. (3-45) 

where (</>, ip) is a solution of the following conservative adjoint system 

4> + A 1( j) + Cip = 0, (3.46) 
$ + A 2 ip - C*<j) = 0. (3.47) 

Proof. Prom Corollary 13.81 and Theorem 13.91 the assertion (i) is equivalent to the observability 

inequality (fg^TT) . To show (|533lt and ^A~5h . let (0i,Vi) be a solution of (I3^2l) - ([3T13]) . Then 
_i . 

4> = 4>i and -0 = A 2 2 tpi satisfy (|3.46p - (|3.47p . The observability inequality (|3.4ip becomes 

(B^YWldt > ||40(O)|| 2 +||4V(O)|| 2 +||C>(O)|| 2 +|| ( Jjg) [l^+JHte < 0(O),C^(O) > . 
Since by <pTT5|> . 

I < 0, cv-(o) > | < 5 f ||4<Ko)ll 2 + ll^(0)|| 2 + ||C" 

2; 
T 



with 5 S [0, i), the inequality (13.4ip can be written as 

C £ \\(B*<f>yfudt > \\Aimw 2 + \\4mw 2 + iic^(o)n 2 + ii n^^, 

which is exactely the inequality f[3.44j) . Now from the assumption H 1 i «— )■ T){C*) follows the 
inequality ()3.45p . The converse can be shown in the same way. □ 
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4 Coupled second order systems with delay 



Consider in this section the following coupled systems with delay 

w 1 (t) + A 1 w 1 (t) + a 1 BB*w 1 (t)+a 2 BB*w 1 (t-T) + Cw 2 (t) = 0, t>0, (4.48) 

w 2 {t) + A 2 w 2 (t) -C*wi(t) = 0, t>0, (4.49) 

Wi(Q) = w°, Wi(0) = wl i = 1,2, wi(s) = f (s), s E (-r,0), (4.50) 

where r > is the time delay, a\ and a 2 are positive real numbers, and the initial data 
(wi, w\, w 2 , w 2 , fo) belongs to a suitable space. 

Using the same method as in the coupled systems without delay, the system (I4.48p -( l4.49|) can 
be transformed to the following one 

u(t) + (A 1 + CC*)u(t) + a 1 BB*u(t) + a 2 BB*u(t-T) + CA 2 s v(t) = 0, t>0, (4.51) 

v(t) + A 2 v(t)+A$C*u(t) = 0, t>0. (4.52) 
u(0) = u°,u(0) = u l ,v(0) = v°,v(0) = v 1 ii(s) = fo(s), se(-r,0), (4.53) 

with u° := w^u 1 := w\,v° := A 2 2 w 2 — A 2 2 C*w1,v l := —A 2 w 2 . This system can be written 
in the space H = Hi x H 2 under the following second order system with delay 

W(t) + AW(t) + ai B BoW(t) + a 2 B BoW(t - r) = 0, (4.54) 

W(0) = W°, W(0) = W 1 , W{s) = ( /o ,5 s) ) , s E (-t,0), (4.55) 
with A and B$ are defined in the previous section. Let E, i be the topological supplement of 

l ' 2 

kerB* in H, i and P 2 its associated projection. It is clear that E, i x {0} is the topological 

> a '2 

supplement of kerBX in Hi = H, i X H 9 i and the associated projection "P 2 is given by V 2 W° = 

u 2 x '2 z >2 

J . As in PJ, the second order equation with delay ()4.54j) - (j4.55[) can be written as the 
Cauchy problem 

Z(t) = A d Z{t), t > 0, Z(0) = ( W 1 ) (4.56) 



in the Hilbert space Hi x H x L 2 (—t,0;V 2 Hi) which can be identified with j-L := Hi x H x 



> 2 ' 



L 2 (-t, OjJ^i), where Z = ( u j , z(t,0) = P 2 u(t + 6), 6>e(-r,0)and 

/ U2 \ 

/ U2 \ 



• "1 
Ad ( "2 



1 

-AiMi-C(C**ui+Ajt)i)-Qi BB*u 2 -a 2 BB*z(-t) 
1 1 



-Af (C*ui4v4ji>i) 



(4.57) 



V d e z J 



with 



V(Ad) :={(ui,vi,u 2 ,v 2 ,z) £ H t i x H 2 1 x H^i x H 2 i x H x (— r, 0; £^1 ), 
+ ai 5B*« 2 + a 2 -BB*z(-r) € Hi, C*ui + Afvi E H 2 1 , z(0) = P 2 u 2 j. 



11 



Assuming a 2 < «i, we introduce in % the new inner product 

i-O 

(B*zi(B),B*z 2 (e)) u de, 

5 ' J-T 

where £ is a constant satisfying 







u 2 


, v 2 


Zl J 


\ z 2 



y v 2 ^ = (Ui,v 1 ) H ^ + (u 2 ,v 2 ) H + ^ J° 



ra 2 <£< r(2ai - a 2 ). (4.58) 

It can be seen easily that T~L endowed with this inner product is a Hilbert space, and its associated 
norm is equivalent to the canonical norm of %. Now, we are in the position to use the results 
in pQ to (|4.48p - (|4.50p . and deduce first its well-posedness. To characterize the stabilization, we 
introduce the following delay energy functions 

Ed® ■= 

l - [|(«;i(t),^(t))||^ x^^+^IKtiiCtJ^WJII^^ + l f 115*^ + 0)11^0, t>0, 

and 

E d {t) := \ \\{u{t\v{t))\\ + ~ \m)Mt))\\ 2 H + ~ f \\B*u(t + 0)111 dB, t > 0. 

Under the assumption (I2.15|) . Ed(t) and Edit) are equivalent. 

By our result [U Theorem 1.1], Theorem 13.101 yields the following main result. 
Theorem 4.1. Assume that OTTUT) . (pTTj) . (p7T5j) and (i3^0|) /joW and t/iat a 2 < ai- 

T/ien £/ie following assertions are equivalent. 

1. There are constants u,C > such that the system ()4.48j) - (|4.50[) satisfies the exponential 
decay 

E d {t) < Ce-^E d (0) for all (™?,™°XX,/ ) G V(A d ). 

2. There exist T, c > such that 







B^)%dt > \\Afmf + \\4mf + n f 



W(0)y NHixffa 



/or every solution ((/>, -0) 0/ i/ie conservative adjoint system 

4> + A 1( j) + Cijj = 0, 
$ + - C*0 = 0. 
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5 Applications 



5.1 First example : Dirichlet boundary conditions 

Consider the following coupled wave equations 

d 2 w dw 
wi(t,x) - -Q^2~(t,x) + aiwi(t,£)8£ + a 2 wi(t - r,£)<5 ? + ^^-( t ^ x ) = °, ( t ^ x ) G (0,oo)x]0, 1[, 

(5.59) 

w 2 (t,x)-^^(t,x) + /3^-(t,x)=0, (t, x) G (0, oo) x]0, 1[, (5.60) 

Wi(t,0) =Wi(t, 1) =0, t G (0,oo), i = 1,2, (5.61) 
iOi(0, x) = w i (x), Wi(0, x) = wj(x), wi(s,x) = /o(s, x), — r < s < 0, x s]0, 1[, i = 1, 2, (5.62) 

with £ G (0, 1), /? > and < a 2 < oc%. To put this control system into the framework of this 
paper, consider the spaces H\ = H 2 = L 2 (0, 1) and the operators A\ = A 2 = —-j^i, with the 
domain T>(A\) = T>{A 2 ) = H 2 (0, 1)C\Hq (0, 1) which are obviously self-adjoint positive operators. 
In this case, the domains of the fractional power operators are given by 

P(4)=2>(4) = #0(0,1). 
The operator B and its adjoint B* are given by 

Bk = £% fceR, B*<p = (p(0, V G ffo(0, 1) 

and finally 

C = (3^-, with V(C) = H^{0, 1). 

It is clear that B* : H^(0, 1) -> M is bounded and C* = -/3^ with 

#0(0,1) ^V(C*) = tf 1 (0,l). (5.63) 

Now assume that /3 < 1, then, with a simple integration by parts, the condition (|2.15p is satisfied 
with constant S = ^ . Let us now check the assumption ()3.40p . Since in this example A\ = A 2 , 
we can easily see that 

[A 2 / + A 1 + \ 2 C{\ 2 + A 2 )' l C*] ~ l = X - [A 2 / + A x + AC] _1 + i [A 2 / + A x + AC*] -1 . 
Thus, we have the following decomposition of the transfer function 

H(X) = ^B* [A 2 / + A 1 + AC] _1 B + ^5* [A 2 / + A x + AC*] _1 5 := H x {\) + fT 2 (A). 
For every the function 

V> := [X 2 I + A x + XC]' 1 Bk 

satisfies 

A ^ (X) " + A/3 ^ (X) = °' X G ( °' e) U (C ' 1} (5 ' 64) 
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■0(0) = ip(l) = 0, (5.65) 
'dtp 



0, 



dx 



= k, (5.66) 



where we denote by [g]^ the jump of the function g at the point £. The solutions r%,r2 of the 
equation r 2 - (3\r - A 2 = are |(/3 ± a//3 2 + 4). Hence, the solution of (|5TM|1 - ([5T63|1 is 



and (|5.66p yields 



A (e rix - e T2X ) , a; €(0,f) 

5 ( e n(a-i) _ eraC*-!)), x € (£, 1), 



fce-^ f ^^If-lf 1 ' (e^-e^), , G (0,() 



e- r 2-e- r l 



Consequently 

e -m e n(€-l) _ e ra(£-l) x t 

i?i(A) = ( e ri « - e r2f 

2 V / ^ 2 T4 e-^- e -n 

and then, for every 7 > 0, we have 



i ffm i, 1 cosh(7V^+4(l - Q) u r^—.^ 

sup |#i(A)| < — — cosh( 7 V/3 2 + 4£). 

HeA=2 7 + 4 smh(7y / /? 2 + 4) 

By similar calculus, we have the boundedness of H2, and thus the assumption (|3.40p is satisfied 
Now, consider the conservative adjoint system 

d 2 6 d 2 6 d 2 ib 

73^( t ^)-^( t ^)+/ 3 ^(*^) = ' (0,oo)x]0,l[, (5-67) 

H"^' x )"|^^'^ + /3 ^( t ' x ) =0 ' M € (0,oo)x]0,l[, (5.68) 

(f>(t, 0) = 0) = <f>(t, 1) = if>(t, 1) = 0, i€(0,oo), (5.69) 

0(0, x) = <f>°(x), <j)(0,x) = <p l (x), i/>(0,x) = if>°(x), ip(Q,x) = ^(x), xe]Q, 1[. (5.70) 

Consider the initial conditions as follows 

k °(x) = a n cos ( — = x ] sm(n7ra), 4> l {x) = \ n a n cos ( — -= x\ sin(n7rx) 



i) = a n cos [ — ^ x] sm(mrx), (j) 1 (x) = X n a n cos [ 

S y ^ V 

ip°(x) = a n sin [ — ^ x | sin(n7ra), ^(x) = A„, a n sin 



x ) sin(n7rx) 



with (A n a n ) are in / 2 (C), where A n = ^p=> Vn G Z*. 
By standard technics, we obtain 



x) = ^ a„ e A "* cos I 

raSZ* V 



-X 8111 WM 
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and then, 



at 



= Yl X na n e Xnt cos I 

nGZ* V 



£ I sin(n7r£). 



Now, by the Ingham's inequality, for any T > \J (3 2 + 4 we have 



(t,0 



x ^ |A 



,2 I |2 



n/37T 
cos l — , _ £ 



|sin(nO| , (5.71) 



which implies (see [1] and [16] for more details), as in [5] for the only one string equation, that 
the system (|5,59p - (|5.62p is not exponentially stable in the energy space for all £ and /3. 



5.2 Second example : mixed boundary conditions 

Consider the following coupled wave equations 

d'^w\ 0w 2 
ivi(t,x) — ^-^-(t,x) + w\(t,x) + aiWi(t,QS^ + a 2 w\(t - t,£)^ + (3-^—(t,x) = 0, (t,x) G (0, oo) x (0, 1), 



d 2 w dw 

Mt, x) - -^-(t, x) + w 2 (t, x) + /9-^(t, x) = 0, (t, x) G (0, oo) x (0, 1), 
ax z ax 

' Wl -(t,0) = -p^(t,l) = Q, w 2 (t,0) = w 2 (t,l) = 0, t G (0,oo), 



(5.72) 
(5.73) 
(5.74) 



<9x 3x 

it?i(0, x) = w i (x), Wi(0, x) = w i (x), wi(s, x) = /o(s, x), — r < s < 0, x G (0, 1), i = 1, 2. (5.75) 

with £ G (0, 1), /3 is a positive constant and < «2 < «i- 

To put this control system into the framework of this paper, consider the spaces H\ = H 2 
L 2 (0, 1) and the operators A\ = A 2 



-jjr-z + /, with domains 



V(Ar) = Le H 2 (0, 1), ^(0) = 0, ^(1) = o} , V{A 2 ) = H 2 (0, 1) n fl*(0, 1) 

which are obviously self-adjoint positive operators. In this case, the domain of the fractional 
power operators are given by 

p(4) = ^ l (o,i),^(4) = ^o 1 (o,i). 

The operator B and its adjoint B* are given by 

Bk = k5^, fcGR, B*ip = ip(£), ^£^(0,1) 

and finally 

d 



C = p—, with V(C) = HUQ, 1). 
ax 



It is clear that B* : iT^O, 1) ->• R is bounded and C* = -/3^ with 



(5.76) 
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Assuming ft < 1, as in the first example, the condition (|2.15|) is satisfied with constant 5 = — 
Let us verify the boundedness of the transfer function of the above system. For this, let k G 
Re A > and the elleptic system 



2 ' 



Then, 
where tp\ 



A 2 0i(x) - ^(z) + Mx) + (x) 



k§£, x G (0, 1), 



ri 2 



A 2 2 (x) 
ax ax 

2 (o) = 2 (i) 



-^(x) + </) 2 (x) + A/3-fi(x) = 0, xG(0,l), 
dx z ax 

' i (i) = o, 

0. 



H(A) = A^i(o = ^i(e) + ^(o 



fli(A)+jy 2 (A), 

01 — 02 , "02 = 01 + 02 satisfy the following equations 



dx 2 



A 2 ^i(x)--^(x) 
A 2 ^ 2 (x) 

djlpl + -02) , Q x = ^(-01 + ^ 2 ) 

dx dx 
tyi-^)(0) = (^-^)(l) 



+ ^i + A/3^(x) = 0, x€(0,Ou(^,l) 



(i) = o, 

= 0, 



M{ = 0, 



dx 



fc, i = 1,2. 



(5.77) 
(5.78) 

(5.79) 
(5.80) 



(5.81) 

(5.82) 

(5.83) 
(5.84) 

(5.85) 



Let r±, T2 be the roots of the equation r 2 — /3Ar — A 2 — 1 = 0, which are 
Then the solution of the equations (|5.81|) - (|5.84|) is given by 

■01 (x) = 

and 



A x e rix + Bi e r2X , a; €(0,0 

C 1 e ri <e- r >+D 1 e n <- x - 1 \ x 6 (f , 1) 



-02 (a;) 

Therefore, ()5.85|) yields 



A ie ~ rix + B ie ~ r2X , xG(0,£) 
d e ~ r ^ x -^ + Z>i e"^^" 1 ), x G (V, 1). 



■01 (x) 



fc 



f £ -2r 1 (e-l) +1 

e -n«-e r i(-f+ 2 ) 
' n e -2'-i(e-i) + i 



n - r 2 



-2>-2«-i)+i r r„x 



/3 2 A 2 



+ A 2 + 1. 



-i- 1 |_ e r 1 (-e+2) 



e -r 2 «„ e i- 2 (-C + 2) 

4. e -'*iK-l) N ) e n(a:-l) 



XG (0,0, 



and 



■02 (x) 



n - r 2 



e ~2r 1 (;-l) +1 ria . 



-2r 2 (g-l) +1 



e -''l€_ e r 1 (-e+2) c e -r- 2 €_ e r-2(-?+2) 

' ri e -2n( S -i) + i ri( £_i)\ ri(a; _ 1 ) 

e e -flf_ e ri(-e+2; ^ e I K 



e-** xG(0,O, 



e ii!^;^ 2) + e^V-V) e~^\ x G (0 1). 
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Consequently 

1 — cosh[ri(£ — 1)] sinh(r2) e n ^ + cosh[r2(£ — 1)] sinh(ri) e r2 ^ 



H 2 (\) = 



2y / /3 2 +4 sinh(ri) sinh(r 2 ) 

1 — cosh[ri(£ — 1)] sinh(r2) e~ ri ^ + cosh[r2(£ — 1)] sinh(ri) e~ T2 ^ 



2yjfi 2 + 4 sinh(ri) sinh(r 2 ) 



As n and r 2 behave asymptotically as r% := 4^ + ^ y 7 /? 2 + 4 and r4 := 4p — ^ \//? 2 + 4, 
respectively it suffieses to see that for r3,r4, one has 

lcrmi/ 1 cosh[ 7 (£ - l)(/3 + 7^+4)] cosh[ 7 (/3 + VF+4)] e^+v 7 ^) 
sup -fzi(A) < — . , . . 

ReX=2y y/WTl sinh[ 7 (/3 + y/WTl)] sinh[ 7 (-/3 + y/fP+l)] 

By similar calculus, we have the boundedness of H2, and this achieves the claim. 
Consider the conservative adjoint system 

d 2 6 d 2 6 d 2 ib 

-^-{t, x) - ^(t, x) + <j>(t, x) + P-Q^jit, x) = 0, (t, x) € (0, 00) x (0, 1), 

x ) - fjk*> + x) + P^fi, a:) = °> (*> *0 G (°= °°) x (°> 1), 
^(i, 0) = ^(t, 0) = ^(t, 1) = ^(t, 1) = 0, i € (0, 00), 

0(0, z) = <f>°(x), <p(Q,x) = <t> 1 (x), ip(Q,x) = i/)°(x), ip(0,x) = ip 1 (x), a; €(0,1). 
The initial conditions can be written as 

<p°(x) = a n cos(n7rx), (p 1 (x) = A ra a n cos(n7rx) 

nGZ* n€Z* 

ip°(x) = a n sin(n7rx), ^(x) = A n a n sin(n7rx) 



with A n = i^g ± iy/jpffi + ^0f, n E Z*, and (A n a n ) G Z 2 (C). Hence, by standard 
technics, we obtain 

4>(t,x) = a n^ Xnt cos(n-7ra;), 

rieZ* 

and then 

Now, by the Ingham's inequality, for any T > ^-^j== there is Ct£$ > such that 
J 0^>£) ^ - l^| 2 | a "| 2 |cos(n7r^)| 2 . 



Finally, this implies, as in [HIS] for the only one string equation, that the system is exponentially 
stable in the ene 
where p is odd. 



stable in the energy space if and only if £ is a rational number with coprime factorisation £ = | 
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